The existence of spontaneously broken gauge symmetries in Bose-Einstein condensates is still controversially discussed in science, since it would not conserve the total number of particles. Here, it is shown for the first time that broken phase (gauge) symmetries may as well occur in a Bose gas with constant particle number when passing the critical point for Bose-Einstein condensation. The broken phase gauge symmetry is local and scales continuously with temperature preserving the global U(1)-gauge symmetry of the system due to particle number conservation.
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PACS numbers:
It is hard to find perfect symmetries in daily life, if one puts focus on classical objects. One may easily recognize the asymmetry of a seemingly "perfect" melon, i.e x 2 + y 2 + z 2 = R, if one analyzes the R 3 symmetry structure of the melon e.g. by comparing slices in the R 2 plane with circles obeying x 2 + y 2 = r, where r > 0 is the (variable) radius of a slice. In quantum mechanics, it is rather straight forward to define a perfect symmetry [1] . Let |Ψ be a wave function (wave field in bracket notation). Then the operation T defines a symmetry operation on the state |Ψ , if T |Ψ is norm-preserving. If the laws of physics of a given system are invariant under a symmetry operation T , then the system obeys a symmetry. As an example, any (closed) quantum system obeying Schrödinger's equation is rotationally symmetric under rotations R, since the transformation Ψ(r) → RΨ(r) with RΨ(r) := e iφ Ψ(r) is (a) norm-preserving and (b) leaves the physical equations of state invariant [2] .
Processes inducing transitions from states of gauge symmetry to asymmetric states and vice versa are called symmetry breaking. If one considers a classicalto-quantum transition in an unrealistic, but helpful gedanken experiment one comes to the conclusion that the transition from a symmetric state to a asymmetric state (symmetry breaking) must depend on the scales of the system. Imagine two seeds placed at a relative distance d on top of the melon. When the melon is rotated by an angle φ in the R 3 plane without changing the z positions of the seeds (using a norm-preserving rotation R φ ∈ SO(3) in order to rotate the melon), the distance is not preserved, because of the underlying asymmetry of the melon. Thus, the physics of the system depends on the choice of the angle φ (e.g. if the seeds are charged), because of the underlying melon symmetry or asymmetry, respectively. Taking a continuous limit to the quantum regime, i.e. d, R → 0 + and temperature T → 0 + , the change in distance induced by asymmetry becomes on the order of the particles' uncertainties, i.e. their wave lengths, and thus the distance remains preserved within the resolution of the quantum limit which implies Heisenberg's principle and thus uncertain boundaries. Indeed, in this (quantum) limit the symmetry of the system then continuously becomes independent on the choice of the angle (phase) φ (compare e.g. Schrödinger's equation [3] ).
While this is only a simple, unrealizable gedanken experiment, this example seems to indicate that spontaneous symmetry breaking (or recovery) process(es) may occur during Bose-Einstein condensation when mapping the quantum-to-classical transition of the gedanken experiment to the phenomenon of Bose-Einstein condensation [4] . Switching back to well-founded mathematical theorems, the concept of spontaneously broken gauge symmetries [5] [6] [7] [8] is known to describe many quantum phenomena while it is still not understood how this concept explains the observation of many body phase coherence in interference experiments with Bose-Einstein condensates of constant particle number. Bose-Einstein condensates are particularly interesting, since they reflect a natural classical-to-quantum transition from a microscopic quantum (statistical) state to a macroscopic state of matter which obeys both the characteristics of quantum mechanics induced by uncertainty (particle wave duality) and the laws of classical Boltzmann statistics for indistinguishable particles in the semi-classical limit. In this context, it has long been unclearified whether the absolute phase of a Bose-Einstein condensate is completely random or whether it is not well-defined, since the total average of the quantum field should always be zero [5, [9] [10] [11] [12] as long as the total number of particles is conserved. Since there are natural differences between classical and quantum mechanics -the uncertainty principle and nonlocality of quantum states -it is of longstanding interest to understand gauge symmetries and in particular gauge symmetry breaking processes in quantum systems [12] .
In this Article, it is shown for the first time for a Bose gas with constant particle number that local gauge symmetry breaking in a Bose-Einstein condensate can be explained by the underlying microscopic asymmetry of the fugacity spectrum, considering very weak (s-wave) interactions and non-classical correlations between the particles. The spectrum implies a macroscopically and locally realizations of the average non-condensate random field in Eq. (4) for N = 1000 particles in a trap with trap frequencies ωx, ωy = 2π×42.0 Hz, ωz = 2π×120.0 Hz below (T = 1.0 nK) the ideal gas critical temperature Tc = 26.9 nK. Number of considered eigen modes in the trap is ncut = 500 corresponding to a trap depth of 2.8 µK. The probability distribution πp[Im(ψ ⊥ ), Re(ψ ⊥ )] highlights the broken symmetry of the quantum field -the (left) shifted real parts of the distribution.
broken phase gauge symmetry of the average condensate and non-condensate quantum field, and it is shown that the broken gauge symmetry can be experimentally verified by measuring the local phase distribution of the condensate part of the Bose gas. Since the total U(1)-gauge symmetry is consistently preserved when passing the critical point (particle number conservation), the global phase of the Bose-Einstein condensate is well-defined, but totally random. The symmetry breaking process has been continuously monitored by switching the temperature from above the critical temperature close to zero, and drawing the (average) realizations of the condensate and non-condensate quantum field, which is treated as a coherent field with randomly (Boltzmann distributed) field mode occupation numbers using a random (Markov chain) Monte Carlo Metropolis algorithm.
From the above symmetry definition, it is straight forward to understand that Noether's theorem [13] is the classical pendant, or even a precursor of the symmetry definition of quantum mechanics, which states that any continuous symmetry implies a conserved quantity. In translation to the symmetry breaking problem in a BoseEinstein condensate, the question arises which symmetries actually exist and may be broken, respectively, in order to simultaneously conserve the total number of particles? Once such symmetry breaking process(es) may occur, an immediate further question is what this implies for the phase and the total occupation quantum number of the total average quantum field, since indeed, if there is no uncertainty and no absolute phase (e.g. of a wave function) which is the case in classical physics, symmetry breaking processes seem to occur continuously and particle number conservation must not be contradictory to the process of symmetry breaking. Can broken gauge symmetries really occur in a Bose-Einstein condensate below the critical temperature while not conflicting with particle number conservation? What is the origin of symmetry breaking and is it continuous in time or a spontaneous non-local process?
In order to answer these questions, let's put focus on number-conserving theories of Bose-Einstein condensation [10, 11, 14] . Since all equations of state can be defined in terms of quantum fields, we consider the decompositionΨ (r) =Ψ0(r) +Ψ ⊥ (r) (1) in second quantization, and furthermore the average of the wave field ψ = Ψ (r) . The Heisenberg equation of state is invariant under the transformation ψ → ψe iφ and thus implies a continuous symmetry [15] . Since the number of particles in the Bose gas is conserved,
at all times. Any non-zero field average would contradict particle number conservation and correspond to a globally and spontaneously broken gauge symmetry. Thus, the global U(1)-gauge symmetry remains preserved. One could argue that the symmetry breaking occurs on time scales smaller than the energy scales defined by the energy uncertainty. However, those processes primarily occur as vanishingly small imaginary parts on the diagonal part of the density matrix and thus do not physically contribute on the energy scale of the considered system [16] . On the other hand, if one argues that also the total number of particles may fluctuate, symmetry breaking due to these fluctuations cannot occur in subsystems of conserved particle number, but only in non-classically correlated total number states. Since number fluctuations of the total particle number are naturally classical without coherences between different (total particle) number states, spontaneous symmetry breaking is thus also unlikely in Bose-Einstein condensates with uncertain total number of particles -being well-defined by an statistical ensemble of subsystems with constant particle number. Hence, we conclude that the invariance of the field ψ under norm preserving rotations implies that the particle number is conserved (Noether's theorem), and vice versa, the constant particle number indicates that the symmetry of the total field is plausible and hence gauge symmetries can only be broken locally, i.e.
Connecting these conclusions with Elizur's theorem [7] which states that local gauge symmetries cannot be spontaneously broken, it follows that the only way that ψ ⊥ = Ψ ⊥ (r) develops from zero to non-zero is a continuous symmetry breaking process of the Heisenberg equation of motion for the non-condensate part of the Bose gas, which in this case is no longer invariant under phase transformations. Indeed, single particle wave functions do not change their symmetry properties during Bose-Einstein condensation for sufficiently weak interactions. The only processes which may thus lead to a broken gauge symmetry inducing local phase coherence [17] between particles are non-classical correlations (entanglement) between condensate and non-condensate, thus indicating local particle-number breaking (compare e.g. [11, 16, 18] ).
In order to numerically verify these implications for symmetry breaking processes noted before for a BoseEinstein condensate in three dimensions, realizations of the condensate and non-condensate quantum field passing the critical temperature for Bose-Einstein condensation are defined as random processes using a standard Monte Carlo Metropolis algorithm, i.e the field average includes random fluctuations of the quantum field induced by temperature, which are quantified using Boltzmann probability factors [19] . For this purpose, the concept of imaginary time [20] is used. In this case, one realization of the random non-condensate field average can be written as
where c k are (real valued) random probability amplitudes for a particle to occupy a state corresponding to the fugacity z(µ 
for a Bose-Einstein condensate in a harmonic trap with trapping frequencies (ωx, ωy, ωz) and very weak s-wave (short range) interactions between the particles [5, 16, 21] . Probability amplitudes moreover satisfy c k * c l = δ kl , because of the orthogonality of single particle wave functions. The probability for the field to occupy a state with random (number) amplitudes {c k } = {0..1} is given by the Boltzmann factor defined by the absolute value of the chemical potential and the complex valued inverse temperature,
with Nµ = ical potential of the state is given by µ = Re{µ}
Finally, it is easy to show that
1/2 . The spectrum of the fugacity consists of two parts, a rotationally symmetric ring in the complex plane, which defines a quasi-continuum of metastable states in particular including the Boltzmann equilibrium for Re(z) → 1 and Im(z) → 0, and a real valued symmetry breaking part which ranges from Re(z) → 0 + and Im(z) = 0 to the Boltzmann equilibrium Re(z) = 1, Im(z) = 0. Hence,
for any realization of the non-condensate field for which the probability amplitudes obey perfect reflection asymmetry, i.e. c k = −c l with φ k = φ l ± π, and
if there is perfect reflection symmetry, i.e. c k = c l for φ k = φ l ± π above the critical temperature. Regarding this structure of the spectrum, it is clear that -below the critical temperature -the symmetric contributions of the random (non-condensate) quantum field (which build a circle) cancel out on average, while the "symmetry breaking part" (Im(z) = 0) of the spectrum leads to a non-zero average of the non-condensate quantum field. Thus, for temperatures approaching the critical temperature, the gauge symmetry of the field is broken, so that
The spectrum of the fugacity for the non-condensate part of a Bose-Einstein condensate in a trap is gapless as the real valued spectrum (projection onto the real parts) is. The imaginary parts of the fugacity entail the widths (inverse life times) of the non-condensate many body states. In Fig. 1 , a number of 4 × 10 6 realizations of the non-condensate field is shown in order to illustrate the symmetry breaking in the non-condensate (and condensate) field, which are calculated using the samples over Eqs. (4, 5) using the probability distribution in Eq. (6) . The result shows a disc in the (Re(ψ ⊥ ), Im(ψ ⊥ )) complex plane which is (left) shifted in x direction, because of the underlying microscopic asymmetry. As the symmetry of the fugacity spectrum is broken along the real axis in the complex plane, the average of the imaginary parts remains zero, whereas the average over the wave fields real parts become non-zero. These shifts lead to non-zero real valued and thus stable configurations of the average quantum field, as highlighted by the probability distri-
The phase distribution of the non-condensate and condensate field in Fig. 1 , respectively, is defined by the angles φ = φ0 + π of the fields in the complex plane, where φ0 is the phase of the condensate average field. The local non-condensate (and condensate) phase is distributed around ±π(0), respectively, with a background of around πp ∼ 0.3. To the best of the author's knowledge, the first experimental measurements of the Bose-Einstein condensate's phase distribution providing direct confirmation of continuous symmetry breaking on the micrometer scale, can be found in Ref. [9] . As shown in the sequel of this Article, the enhanced peak of the phase distribution at φ0 = 0 indicates the gauge symmetry breaking in a real experiment on interfering Bose-Einstein condensates, which is visible when the background of the signal (including ψ ⊥ ) is subtracted.
Repeating the same calculus for different temperatures shows that the symmetry breaking part of the quantum field continuously tends from zero for large temperatures to negativ infinity as the temperature approaches zero, indicating that the continuous gauge symmetry is continuously broken, as intuitively expected. As a consequence of the U (1)-symmetry breaking part of the spectrum, the average non-condensate (and condensate) random field becomes non-zero as the temperature approaches zero, while the global U (1)-gauge symmetry and thus the constraint of total particle number conservation is preserved for all temperatures. For temperatures larger than the critical temperature, the fugacity spectrum is no longer simply connected, but gapless. The limit T → ∞ leads to a symmetric spectrum and therefore to a vanishing of the locally broken gauge symmetry.
Mathematically speaking, symmetry breaking during Bose-Einstein condensation thus appears as non-zero real valued averages of two dimensional complex values representing average non-condensate and condensate quantum field realizations, the origin being the underlying microscopic symmetry structure of a finite set of two dimensional complex valued roots defined by the constraint of particle number conservation. It has been shown that symmetry breaking occurs continuously as a symmetry breaking process of the Heisenberg equation of motion rather than a spontaneously breaking of the symmetry properties of single particle wave functions.
Physically, the process of gauge symmetry breaking during Bose-Einstein condensation occurs as a continuous dynamical process in time inducing phase coherence on a macroscopic scale when slowly cooling the gas temperature below the critical point. At first glance, symmetry breaking in a Bose-Einstein condensate seems counter intuitive when e.g. comparing to the "melon gedanken experiment", since the condensation process takes place onto the ground state of the Bose gas, which implies symmetry. However, in a real experiment on Bose-Einstein condensation, the situation is more difficult, and symmetry breaking during condensation can be understood considering that coherent interactions due to scattering processes between condensate and non-condensate particles (local particle-number breaking) imprint phase shifts into the condensate and non-condensate quantum fields inducing many body phase coherence and thus non-zero field averages below the critical temperature.
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